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We prove that if A is a non-associative algebra over the field of real numbers, if
5 5 5 5 5 5 5 5there is a norm ? on A satisfying xy s x y for all x, y in A, and if every
one-generated subalgebra of A is finite-dimensional, then A is finite-dimensional.
Q 1997 Academic Press
1. INTRODUCTION AND PREVIOUSLY
KNOWN RESULTS
Let K denote the field of real or complex numbers. An absolute-valued
5 5algebra over K is a non-zero algebra A over K endowed with a norm ?
5 5 5 5 5 5satisfying xy s x y for all x, y in A. The most natural examples of
absolute-valued algebras are R, C, H the algebra of Hamilton quater-
.  .nions , and O the algebra of Cayley numbers , with norms equal to their
 .usual absolute values which, by the way, derive from inner products . The
w xreader is referred to 13 for basic facts and intrinsic characterizations of
these classical absolute-valued algebras. From an associative point of view,
absolute-valued algebras are not very interesting because as a conse-
w xquence of an old result of I. Kaplansky 19 on associative normed algebras
.with no non-zero topological divisors of zero R, C, and H are the unique
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absolute-valued associative real algebras. As a consequence, C is the
unique absolute-valued associative complex algebra.
w xEven in a ``nearly associative'' context 33 a similar obstruction hap-
pens, since R, C, H, and O are the unique absolute-valued power-associa-
w xtive real algebras 23 . This provides in particular the curious characteriza-
tion of C as the unique absolute-valued power-associative complex algebra.
We recall that an algebra is said to be power-associative if all its one-gen-
erated subalgebras are associative. Also commutativity is not frequently
allowed by absolute-valued algebras: the only absolute-valued commutative
algebras are R, C, and the real algebra obtained from C by replacing its
w xusual product by the one I given by lIm [ lm 31 .
Now, let us focus attention on finite-dimensional absolute-valued alge-
bras. In the complex case there is not much to say: C is the unique
finite-dimensional absolute-valued complex algebra. This is folklore and
follows from the fact that if F is an algebraically closed field, then every
finite-dimensional algebra A over F with no non-zero divisors of zero is
isomorphic to F. Indeed, taking a non-zero element a in A, for every x in
y1 A the operator L L where, for z in A, L means left multiplication bya x z
.z must have an eigenvalue l in F; hence there exists a non-zero element y
.in A satisfying xy y lay s 0, and therefore we have x s la. Finite-
w xdimensional absolute-valued real algebras were studied by A. A. Albert 1
who proved that R, C, H, and O are the unique finite-dimensional
absolute-valued real algebras with a unit. As observed by Albert himself,
the non-unital case can be reduced in some sense to the unital one as
follows. If A is a finite-dimensional absolute-valued algebra and if a is a
norm-one element in A, then the normed space of A, with the new
y1 . y1 . product I defined by xI y [ R x L y R denoting right multipli-a a a
. 2cation by a , becomes an absolute-valued algebra with a as a unit. These
results of Albert imply the following proposition.
PROPOSITION 1.1. Let A be a finite-dimensional absolute-¨ alued real
algebra. Then A has dimension 1, 2, 4, or 8, and the norm of A deri¨ es from
an inner product.
Clearly, any finite-dimensional absolute-valued algebra A is a division
algebra, i.e., all operators of left and right multiplication by non-zero
elements of A are bijective. Conversely, absolute-valued division algebras
w xare finite-dimensional 32 . Today this result can be easily obtained and
w xeven improved by applying the famous Urbanik]Wright theorem 31
asserting that R, C, H, and O are the unique absolute-valued real algebras
with a unit. Precisely, we have
PROPOSITION 1.2. Let A be an absolute-¨ alued algebra, and assume there
exist elements a, b in A such that aA and Ab are dense subsets of A. Then A is
finite-dimensional.
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5 5 5 5Proof. Without loss of generality, we may assume that a s b s 1
and, by passing to the completion of A if necessary, we may also suppose
that A is complete. Then we have aA s Ab s A. Now, the normed space
y1 . y1 .of A, with the new product I defined by xI y [ R x L y , be-b a
 .comes an absolute-valued algebra with a unit namely, ab , and the proof
is concluded by applying the Urbanik]Wright theorem.
w xThe first part of the above proof is taken from that of Lemma 1 of 11 ,
w xwhile the last part follows a suggestion in 14 . An early but much more
w x winvolved proof can be found in 26, Proposition 3 . As proved in 11,
xLemma 1 , if the absolute-valued algebra A is actually complex, then
Proposition 1.2 remains true under the weaker assumption of the existence
of a single element a such that aA is dense in A. Such a weakening is not
allowed in the real case: there exist infinite-dimensional absolute-valued
wreal algebras A such that xA s A for every non-zero element x in A 10,
x26 .
w xFollowing 2 we say that an algebra A is algebraic if, for every x in A,
 .the subalgebra A x of A generated by x is finite-dimensional. If in fact
  ..there exists a natural number m such that dim A x F m for all x in A,
then the algebraic algebra A is said to be of bounded degree, and the
smallest such a number m is called the degree of A and is denoted by
 .deg A . It is folklore that there is no absolute-valued algebraic complex
algebra other than the complex field. In fact, we know that absolute-valued
algebraic complex algebras are of degree one, and actually every absolute-
valued algebra of degree one over K is isomorphic to K. Indeed, if F is a
field containing more than two elements, if A is an algebra over F of
2  4degree one, and if x / 0 whenever x is in A R 0 , then we can define a
 .  .function l: A ª F by l 0 s 0 and l x equal to the unique element m in
F satisfying x 2 s m x if x / 0, so that the formal unital hull, F1 [ A, of A
w xis a quadratic algebra in the sense of 29, p. 50 and l is the restriction to
w x  .  4A of the trace from on F1 [ A. Since l is linear 29, p. 49 and Ker l s 0 ,
.A is one-dimensional.
The first attempt to obtain that absolute-valued algebraic real algebras
w xare finite-dimensional is due to A. A. Albert 2 . However, Albert's result,
answering affirmatively the question under the additional assumption of
the existence of a unit, becomes at present only an auxiliary tool for the
proof of the Urbanik]Wright theorem. Later, M. L. El-Mallah showed
that an absolute-valued algebraic real algebra A is finite-dimensional
whenever either A has a non-zero idempotent commuting with all ele-
w x 5 5 5 5ments of A 20 or A has an algebra involution * satisfying x* s x and
w x xx* s x*x for all x in A 21 note that the first requirement implies the
w x.second one 22 . To complete the historic view about the question with
which we are dealing, let us say that absolute-valued algebraic real
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 .algebras are of bounded degree equal to 1, 2, 4, or 8 by Proposition 1.1
and that there are only thirteen absolute-valued real algebras of degree
w xtwo, and all of them are finite-dimensional 28 .
The aim of this paper is to prove that every absolute-valued algebraic
real algebra is finite-dimensional.
Besides Proposition 1.1 and 1.2, our proof will need another previously
known result, now on normed algebraic algebras of bounded degree see
.Corollary 1.1 below , which is an immediate consequence of the next
w x  wproposition. This proposition is implicitly contained in 9 see also 16, 15,
x . w x7, 8 for forerunners , but a complete proof following the lines of 9 is
quite difficult because of the extreme generality of the setting in that
 .paper the one of topological algebras over valued fields . In view of this
and for the sake of completeness we include here a simpler proof valid for
the normed case.
PROPOSITION 1.3. Let A be a normed algebra o¨er K and n be a natural
   .. 4number. Then the set A [ a g A: dim A a F n is closed in A.n
Proof. Let F denote the real or complex free non-associative algebra
 . w xon a set with a single element say x 18, pp. 23]25 . Given a in A and p
 .in F, we will denote by p a the image of p under the unique homomor-
phism F ª A which maps x into a. We note that, for each p in F, the
 .mapping a ª p a from A into A is continuous. This can be verified by
writing p as a linear combination of elements in the ``free monad''
 4generated by x and then arguing by induction on the ``degree'' of such
 w x .elements see 18 for details . Let a be in the closure of A and choose an
 4  .sequence a in A converging to a. If x , . . . , x are in A a , thenk k g N n 1 nq1
 .there exist p , . . . , p in F satisfying p a s x for all i s 1, . . . , n q 1,1 nq1 i i
  .  .4and by the definition of A the system p a , . . . , p a is linearlyn 1 k nq1 k
k nq1 < k <dependent for all k, hence there are elements m in K satisfying  mi is1 i
nq1 k  .s 1 and  m p a s 0 for all k. From the continuity of the functionsis1 i i k
 . nq1 p ? and the compactness of the unit sphere of the normed space l ofi 1
 . .all n q 1 -uples with entries in K endowed with the sum norm , it follows
 . nq1 < <that there exist elements m in K 1 F i F n q 1 satisfying  m s 1i is1 i
nq1 nq1  .  4and  m x s  m p a s 0. Now the system x , . . . , x is lin-is1 i i is1 i i 1 nq1
  ..early dependent, so dim A a F n, and so a lies in A .n
COROLLARY 1.1. Let A be a normed algebraic algebra of bounded degree.
   ..  .4Then the set a g A: dim A a s deg A is open in A.
Proof. We have
a g A: dim A a s deg A 4 .  . .
s A R a g A: dim A a F deg A y 1 . 4 .  . .
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2. AN ALGEBRAIC DETERMINATION OF THE NORM
It is easy to see that if two norms on a finite-dimensional algebra
convert it into an absolute-valued algebra, then they must coincide see for
w x.instance 11, Lemma 2.1 . Such a uniqueness of the absolute value is of
course transferred to absolute-valued algebraic algebras. In this section we
provide an explicit determination of the norm of an absolute-valued
algebraic algebra and obtain, as a consequence, that the norm is FrechetÂ
differentiable on a dense open set.
Throughout this section A will denote an absolute-valued algebraic real
algebra.
Let a be non-zero element in A. For n in N, define the nth ``left
power,'' an, of a inductively by a1 s a and anq1 s aan. Since an lies in
 .  .A a for all n and A a is finite-dimensional, there exists a largest natural
 .  1 ma.4number m a such that the system a , . . . , a is linearly independent.
 4  .PROPOSITION 2.1. For a in A _ 0 , let l , . . . , l be the unique1 ma.
element in R ma. satisfying ama.q1 s l a1 q ??? ql ama.. Then l s1 ma. 1
5 5 ma." a .
5 5  .  .Proof. It is no restriction to assume a s 1. Let F: A a ª A a be
 .  .  . w xdefined by F x s ax for all x in A a , and let p j g R j be the
minimum polynomial of F. Since F is a linear isometry, all the real or
.  . w xcomplex roots of p j are one-modular. Consider the ideal I of R j of
 .  . .all polynomials q j such that q F a s 0. Note that, for m in N and
m , . . . , m in R, a relation of the form amq 1 s m a1 q ??? qm am is1 k 1 m
 .  . m my1equivalent to r j g I , where r j [ j y m j y ??? ym j y m .m 2 1
 . w x  . ma.Therefore, if s j denotes the element in R j defined by s j [ j
ma.y1  .y l j y ??? yl j y l , then s j lies in I and, by the defini-ma. 2 1
 . w x  .tion of m a , no non-zero element in R j of degree less than that of s j
 .  .can belong to I. Hence s j generates I. Since clearly p j lies in I , it
 .  .  .follows that s j divides p j , so all roots of s j are one-modular, and
so l s "1.1
Recall that, for vector spaces X and Y over the same field, a mapping f :
X ª Y is called a homogeneous polynomic function of degree n G 0 if
n  .there is an n-linear mapping g : X = ??? = X ª Y such that f x s
 .g x, . . . , x for all x in X. Arbitrary sums of homogeneous polynomic
functions are the so-called polynomic functions.
LEMMA 2.1. Let X be a normed space o¨er K, and f : X ª K be a
  . 4non-zero polynomic function. Then the set x g X : f x / 0 is dense in X.
Proof. Assume on the contrary that there exist y in X and « ) 0 such
 . 5 5  .that f z s 0 whenever z y y - « . Take t in X with f t / 0 and
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 .   ..define a mapping g : K ª K by g l [ f y q l t y y for all l in K.
 . < < 5 5Then g is a non-zero polynomic function with g l s 0 for l - «r t y y ,
a contradiction.
Let X and Y be normed spaes over K, V an open subset of X, f a
mapping from X to Y, and x be in V. We recall that f is said to be
Frechet differentiable at x if there exists a continuous linear mapping g :Â
X ª Y satisfying
f y y f x y g y y x .  .  .
lim s 0.
5 5y y x 4ygV_ x
yªx
Continuous polynomic functions are the most natural examples of map-
pings that are differentiable at any point.
Returning to our absolute-valued algebraic real algebra A, note that, by
 .  4Proposition 1.1, we have m a F 8 for all a in AR 0 . Therefore we can
 .  .   .consider the natural number m A given by m A [ max m a : a g A R
 440 . The proof of the next proposition exploits in depth some arguments in
w x16, 8 .
  4  .  .4PROPOSITION 2.2. The set V [ a g A R 0 : m a s m A is open
and dense in A. Moreo¨er, the norm of A is Frechet differentiable at any pointÂ
of V.
 .  1 m4Proof. Let a be in V and put m [ m A . Since the system a , . . . , a
is linearly independent, the Hahn]Banach theorem provides us with
  j.continuous linear functionals w , . . . , w on A satisfying w a s d for1 m i i j
all i, j s 1, . . . , m. Consider the continuous polynomic function f : A ª R
 .    j..  .defined by f x [ det w x here det means determinant , and puti
  . 4  1 m4V [ x g A: f x / 0 . If x is in A R V, then the system x , . . . , xa
is linearly dependent in A, so the system
w x 1 , w x 1 , . . . , w x 1 , .  .  .  .1 2 m
, . . . , w x m , w x m , . . . , w x m .  .  . 4 .1 2 m
m  .is linearly dependent in R , and so f x s 0. Therefore V is containeda
in V. Now, by Lemma 2.1, V is dense in A, hence V is dense in A asa
well. Moreover, since a is an arbitrary point in V and clearly V is opena
  .  ..and contains a, it follows that V is open. For x in V, let l x , . . . , l x1 m
m mq1  . 1  . mbe the unique element in R satisfying x s l x x q ??? ql x x ,1 m
so that, for i s 1, . . . , m, we have
w x mq1 s l x w x 1 q ??? ql x w x m . .  .  .  .  .i 1 i m i
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 .  .It follows from the Cramer rule that the mapping x ª l x from V1 a
into R is the quotient of two continuous polynomial functions, and hence it
 .is Frechet differentiable at a. Since, by Proposition 2.1, we have l x sÂ 1
5 5 m" x for all x in V, and the indetermination of the sign can be removed
in any connected open set of A containing a and contained in V , ita
follows that the norm of A is Frechet differentiable at a.Â
Since, by Proposition 1.1, A is of bounded degree, the next corollary
follows immediately from Corollary 1.1 and Proposition 2.2.
COROLLARY 2.1. There exists a norm-one element a in A such that the
  ..  .norm of A is Frechet differentiable at a and dim A a s deg A .Â
3. APPLYING ULTRAPRODUCT TECHNIQUES
 .The theory of normed ultraproducts of normed spaces and algebras
 whas been shown to be powerful in different fields see for instance 17, 25,
x.5, 6 . It is a straightforward verification that, in the setting of normed
algebras, the class of absolute-valued algebras is closed under ultraprod-
ucts. However, until now this observation never was useful to obtain any
significant progress in the theory of absolute-valued algebras. On the
contrary, in the present situation, the fact we are showing, that ultraprod-
ucts of absolute-valued algebraic algebras are algebraic, becomes a key
tool in the proof of our main result. We begin by summarizing those
 w x.aspects of the theory of ultraproducts that we need for our work cf. 17 .
Throughout this section I will denote a non-empty set, and U will stand
 4for an ultrafilter on I. Given a family X of normed spaces, we mayi ig I
l` consider the normed space [ X l -sum of this family consisting of alli `ig I
 4 5 45 5 5 4 .families x g  X such that x [ sup x : i g I - ` and thei ig I i i i
l`  4 l` 5 5closed subspace N of [ X given by N [ x g [ X : lim xU i U i i U iig I ig I
4  .  4 s 0 . The normed ultraproduct of the family X with respect to thei ig I
.  l` .ultrafilter U is defined as the quotient normed space [ X rN andi Uig I
 .  .  .is denoted by X . If we denote by x the element in X containingi U i i U
 4 l` 5 .5a given family x g [ X , then it is easy to verify that x si i iig I
5 5lim x . Because of this formula, if, for each i in I, Y is a subspace ofU i i
 .  .X , then in a natural way we can identify Y with a subspace of X . If,i i U i U
for all i in I, X is equal to a given normed space X, then the ultraproducti
 .  .X is called the ultrapower of X with respect to U and is denoted byi U
Ã Ã  .X . In this case the mapping x ª x from X into X , where x s xU U i
with x s x for all i in I, becomes an isometric linear embedding.i
The following lemma is well known.
ÃLEMMA 3.1. Let X be a finite-dimensional normed space. Then X s X .U
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 .  4Proof. Let x be in X . Since x : i g I is contained in a compacti U i
Ã  .subset of X, there exists x [ lim x . Then we have x s x .U i i
 4COROLLARY 3.1. Let X be a family of Hilbert spaces o¨er K suchi ig I
 .that there exists a natural number n satisfying dim X F n for all i in I. Theni
 . .dim X F n.i U
Proof. Let X be a Hilbert space over K of dimension n. For each i in
 .   ..I we may find a linear isometry F : X ª X. Then x ª F x is ai i i i i
 .  .well-defined linear isometry from X into X . Now apply Lemma 3.1.i U U
 4Let A be a family of normed algebras over K. Then the normedi ig I
 .space A is usually considered as a new normed algebra over K underi U
 .  . .  .the well-defined product x y [ x y . In this way, if, for each i in I,i i i i
 .B is a subalgebra of A , then, up to the natural identification, Bi i i U
 .becomes a subalgebra of A . If, for all i in I, A is in fact ani U i
5 .5 5 5absolute-valued algebra, then the equality x s lim x shows thati U i
 .A is an absolute-valued algebra too. It follows that the ultrapower Ai U U
of an absolute-valued algebra A is an absolute-valued algebra. Let us note
also that, if A is a normed algebra, then the natural embedding A ¨ AU
is an algebra homomorphism.
 4COROLLARY 3.2. Let A be a family of finite-dimensional absolute-i ig I
 .  . .¨alued real algebras. Then A is finite-dimensional with dim A Fi U i U
  . 4max dim A : i g I .i
 .Proof. We know that, for all i in I, dim A F 8 and, as a Banachi
 .space, A is a Hilbert space Proposition 1.1 . Now apply Corollary 3.1.i
 4PROPOSITION 3.1. Let A be a family of absolute-¨ alued algebraici ig I
 .  . .real algebras. Then A is algebraic and the inequality deg A Fi U i U
  . 4max deg A : i g I holds. As a consequence, the ultrapower A of ani U
absolute-¨ alued algebraic real algebra A is an absolute-¨ alued algebraic alge-
bra too, with the same degree as A.
 .  .  .Proof. Let a be in A . For each i in I, A a is finite-dimen-i i U i i
  ..sional, hence, by Corollary 3.2, A a is finite-dimensional as well, andi i U
dim A a F max dim A a : i g I F max deg A : i g I . 4 4 .  .  . .  . .i i i i iU
  ..  .Since, up to the natural identification, A a is a subalgebra of Ai i U i U
 .  .  .containing a , it follows that the subalgebra of A generated by a isi i U i
  . 4  .finite-dimensional with dimension F max deg A : i g I . Since a isi i
 .  .arbitrary in A , we obtain as desired that A is algebraic withi U i U
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 . .   . 4deg A F max deg A : i g I . In the particular case of the ultrapoweri U i
A of an absolute-valued algebraic algebra A, the converse inequalityU
follows by regarding A as a subalgebra of A .U
4. TWO LEMMAS ON NORMED SPACES
We devote this section to proving two not difficult lemmas on normed
spaces. The first one perhaps is folklore.
LEMMA 4.1. Let X be a normed space o¨er K, and F: X ª X be a linear
 .  4isometry such that F X is not dense in X. Then there exists a sequence xn
  . 4of norm-one elements in X such that F x y x ª 0.n n
 .Proof. First assume that X is complete. Let us denote by BL X the
Banach algebra of all bounded linear operators on X. Basic theory of
 . 5 5Banach algebras gives us that if G is in BL X with F y G - 1, then G
  ..  .belongs to the set sing BL X of all non-invertible elements in BL X
 w x.see for instance 26, Lemma 2.1 . As a consequence, if Id denotes theX
identity mapping on X, for l in R with y1 - l - 1, F y l Id is inx
  ..sing BL X . But, for l in R with l ) 1, F y l Id does not belong toX
  ..  w x.sing BL X a consequence of 4, Theorem 2.9 . Therefore F y Id liesX
  ..in the boundary of sing BL X , hence it is a joint topological divisor of
 . w xzero in BL X 4, Theorem 2.14 . Now the proof is concluded by applying
w x3, Theorem 57.4 .
If X is not complete, then we may consider the completion Y of X and
the unique bounded linear operator G: Y ª Y which extends F. Since G
 .is an isometry and G Y is not dense in Y, the first part of the proof shows
 4the existence of a sequence y of norm-one elements in Y such thatn
  . 4G y y y ª 0. Finally, for each n in N, we may take a norm-onen n
5 5   . 4element x in X with y y x - 1rn, so that we have F x y x ª 0.n n n n n
Let X be a normed space over K, and u be a norm-one element in X.
It is clear that Frechet differentiability of the norm of X at u implies theÂ
so-called Gateaux differentiability of the norm of X at u i.e., for all x in
5 5 . ..X, there exists lim u q l x y 1 rl , and it is well knownlg R R 04, lª 0
that this last condition is equivalent to the ``smoothness'' of the unit ball
.  w x.of X at u see for instance 12, p. 144 . The smoothness of X at u means
that there exists a unique continuous linear functional w on X satisfying
5 5  .w s w u s 1.
LEMMA 4.2. Let X be a normed space o¨er K, F: X ª X a linear
contraction, and M be a finite-dimensional subspace of X. Assume that
 .F m s m for all m in M, that the restriction of the norm of X to M deri¨ es
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from an inner product, and that X is smooth at e¨ery norm-one element of M.
 .Then there exists a continuous linear projection p : X ª X such that p X s
 .M and Ker p is in¨ariant under F.
 . 5 5 2Proof. Let ? N ? denote the inner product on M such that m s
 < .  4m m for all m in M, and let m , . . . , m be an orthonormal basis of M1 k
 .relative to ? N ? . By the Hahn]Banach theorem, there are norm-one
 .  < .continuous linear functionals w , . . . , w on X satisfying w m s m m1 k i i
for all m in M and i s 1, . . . , k. If p denotes the continuous linear
 . k  .mapping from X to X defined by p x [  w x m , then it is easy tois1 i i
 .  4see that p is a projection with p X s M. Let i be in 1, . . . , k . Since
5 5  .  .w s w m s 1, and F is a linear contraction on X with F m s m fori i i
all m in M, the mapping c [ w ( F is a continuous linear functional oni i
5 5  .X satisfying c s c m s 1 as well. It follows from the smoothness ofi i i
 .X at every norm-one element of M that c s w , and therefore Ker w isi i i
 .invariant under F. To conclude the proof, note that Ker p s
k  .F Ker w .is1 i
5. THE THEOREM
In this section we complete the proof of the main theorem. In one way
or another, all the results obtained in the preceding sections will be
applied, and also we will invoke the following lemma.
LEMMA 5.1. Let A be an absolute-¨ alued algebraic algebra, and a be a
norm-one element of A.
 .   ..  .  4i If dim A a s deg A , and if b is in A R 0 with ab s b, then
 .  .A b s A a .
 .ii If A is smooth at a, then A is smooth at e¨ery norm-one element of
 .A a .
Proof.
 .  4  .i For b in A R 0 , A b is a finite-dimensional absolute-valued
 .algebra, so it is a division algebra, and so there exists c in A b satisfying
 .cb s b. Therefore, if ab s b, then we have a y c b s 0, so a s c lies in
 .  .  .   ..  .A b , and so A a : A b . If dim A a s deg A , then the above inclu-
sion must be in fact an equality.
 .  .ii Let b be a norm-one element in A a . Then there exists c in
 .A a such that cb s a. Since the left multiplication by c on A is a linear
isometry, if A is not smooth at b, then cA is not smooth at cb s a, and
therefore A is not smooth at a.
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THEOREM 5.1. Let A be an absolute-¨ alued algebraic real algebra. Then A
is finite-dimensional.
Proof. By Corollary 2.1, there exists a norm-one element a in A such
  ..  .that A is smooth at a and dim A a s deg A . Let M denote the
  . 4finite-dimensional subspace of A given by M [ x g A a : ax s x , and F
be the operator of left multiplication by a on A. By Proposition 1.1, the
restriction of the norm of A to M derives from an inner product, and, by
 .Lemma 5.1 ii , A is smooth at every norm-one element of M. Now, we are
in a position to apply Lemma 4.2, so that there exists a continuous linear
 .  .projection p : A ª A such that p A s M and Ker p is invariant under
F. Assume that A is infinite-dimensional. Then, by Proposition 1.2, either
aA or Aa is not dense, hence replacing A by its opposite algebra, if
.  .necessary we may assume that F A is not dense in A. Since A s M [
 .  .Ker p as a topological sum , F is the identity mapping on M, and
 .  .Ker p is invariant under F, it follows that the mapping G: y ª F y s ay
 .  .   ..from Ker p to Ker p is a linear isometry such that G Ker p is not
 .  4dense in Ker p . By Lemma 4.1, there exists a sequence x of norm-onen
 .  4elements in Ker p such that ax y x ª 0. Choose an ultrafilter U onn n
 .N refining the Frechet filter of all cofinite subsets of N , let b denote theÂ
 .norm-one element in A given by b [ x , and consider A as a subalge-U n
bra of A via the canonical embedding. Then we have ab s b. But, byU
Proposition 3.1, A is an absolute-valued algebraic algebra withU
  ..  .   ..  .  .deg A a s deg A , hence, since dim A a s deg A , we have A aU U
 .   ..  .  .s A a and dim A a s deg A . It follows from Lemma 5.1 i that bU U
 .lies in A a and, more precisely, in M. Now that we know that b is in A,
 . 5 5the equality b s x reads as lim x y b s 0, hence, since x is inn U n n
 .  .  .  4Ker p for all n in N, b is in Ker p as well. Then b g M l Ker p s 0 ,
a contradiction.
We recall that an algebra A is said to be flexible if, for all x, y in A, the
 .  .equality x yx s xy x holds.
w xCOROLLARY 5.1 24 . E¨ery absolute-¨ alued flexible algebra is finite-
dimensional.
Proof. As recalled in Section 1, absolute-valued commutative algebras
w xare finite-dimensional 31 . But it is well known that every one-generated
subalgebra of a flexible algebra is commutative. Therefore absolute-valued
flexible algebras are algebraic, and Theorem 5.1 applies.
w xFor a classification of absolute-valued flexible algebras see 22 . For
examples of infinite-dimensional absolute-valued algebras the reader is
w xreferred to 31, 30, 10, 26, 27 .
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